The double combination of constraint (7) gives: W.(C+W) ó H.(H+Q), C.(C+W) ó Q.(H+Q), and the double combination of constraint (8)) gives the reciprocal constraints.
Abstract:
Overlapping genes exist in all domains of life and are much more abundant than expected at their first discovery in the late 1970s. Assuming that the reference gene is read in frame +0, an overlapping gene can be encoded in two reading frames in the sense strand, denoted by +1 and +2, and in three reading frames in the opposite strand, denoted by -0, -1 and -2. This raised the interest of numerous researchers for studying the constraints induced by the genetic code on the various overlapping frames, mostly based on information theory. Our interest here is on the constraints induced on two overlapping genes in terms of amino acids, as well as polypeptides. We show that simple linear constraints bind the amino acid composition of two proteins encoded by overlapping genes. Importantly, considering polypeptides, and not just single amino acids, reveals novel constraints. For example, in double-coding sequences with an overlapping reading frame -2, each Tyrosine (amino acid denoted by the letter Y) in the overlapping frame overlaps a Tyrosine in the reference frame +0 (and reciprocally), whereas specific words (e.g. YY) never occur. We describe formal frameworks and a graph algorithm to characterize these constraints and their combinatorics. As expected, the degrees of freedom left by these constraints drastically vary among the different overlapping frames. Interestingly, the biological meaning of constraints induced on two overlapping proteins (hydropathy, forbidden di-peptides, expected length of the overlap…) is also specific to the reading frame.
These results yield support for understanding the mechanism of overlapping genes and for developing novel overlapping gene detection methods. In particular, sets of forbidden dipeptides allow a simple and fast scanning of available protein sequences for detecting possible (frame-specific) overlapping regions.
Introduction
In the late 1970s, it was discovered that a single DNA sequence may code for several overlapping genes, that is, protein-coding genes sharing a common section of DNA sequence read in different frames. The genetic code associates a section of DNA sequence (comprised of 4 nucleotides: a, c, g, t) with a protein, which is a sequence of amino acids. Each sequence of three nucleotides or codon codes for an amino acid (among 20, denoted as A, C, D, E, F, G, H, I, K, L, M, N, P, Q, R, S, T, V, W, Y; see Tab. 1, provided for completeness). Thus, shifting the reading frame by one or two nucleotides results in a different protein. As DNA consists of two strands, up to six reading frames are possible for a given DNA sequence. Several notations have been used to refer to the various frames. We will use a simple notation where the reference frame is denoted by +0 and the overlap reading frame is given by the number of shifted nucleotides, preceded by a "+" or "-" sign indicating whether the overlap occurs in the same or opposite direction, respectively (Fig. 1) . For example, overlap in the opposite direction by shifting 2 nucleotides to the right is denoted by reading frame -2.
Table 1: The standard genetic code. Figure 1: Our notation (Us) for the six overlapping reading frames, and correspondence with alternative notations found in literature: FB (Firth and Brown, 2006) , SW (Smith and Waterman, 1980) , K (Krakauer, 2000) , R (Rogozin et al., 2002) .
The first overlapping genes were discovered in viruses (Barrell et al. 1976; Fiddes and Godson 1979) , but they are also known to be present in prokaryotic (in particular bacterial) and eukaryotic genomes. The existence of overlapping genes in bacterial genomes was strongly denied initially and, consequently, putative overlapping genes were excluded from annotation programs (Warren et al. 2010) . Although experimental verification of two protein-coding genes in the same DNA sequence is challenging, an increasing number of overlapping genes have been identified in prokaryotes in recent years (for example, see Fellner et al. 2013) . Overlapping genes are also present in vertebrates, in particular among de novo genes (Makalowska et al. 2007 ). It recently came to light that the number of overlapping genes could be greater than expected, especially in the virus world. Examining the gene coordinates (from GenBank) available for virus sequences, Belshaw et al. (2007) pointed out 819 instances of gene overlap among the 701 reference RNA virus genomes, with 56% of the viruses having at least one gene overlap. A recent study, Pavesi et al. (2013) assembled a dataset of 27 experimentally-identified overlapping genes longer than 140 nucleotides.
Gene overlap is thought to play a major role as a way to increase the coding space in genomes highly constrained for their maximum length (Miyata and Yasunaga 1978; Sakharkar et al. 2005) , notably in viruses. It has been shown to participate in gene regulation of functionally related proteins (Normark et al. 1983; Cooper et al. 1998; Zheng et al. 2002; Wagner et al. 2002) . Gene overlap also seems to be involved in the creation of new genes, or "overprinting" (Keese and Gibbs, 1992) , particularly in viruses (Pavesi et al. 2013) , but also in the human genome (Knowles & McLysaght, 2009 ). In addition, overlapping coding regions could represent a process with the "beneficial" effect of limiting the evolution of these regions in viral genomes (Simon-Loriere et al. 2013) . Indeed, the evolution of double-coding nucleic acid sequences is highly constrained as any mutation affects both genes and may affect both associated proteins. Overlapping coding regions in viruses could thus represent favorable therapeutic targets, where viruses have less freedom to escape drug effects.
The first mathematical analyses of this double coding were published in the early 1980s (Sander and Schultz 1979, Siegel and Fitch 1980; Smith and Waterman 1980) . As the genetic code is degenerated (18 of the 20 amino acids are encoded by several codons, Tab. 1), it is possible to measure the information contained in the amino acid sequence encoded by a gene in the reference frame, with respect to possible overlapping genes in the five other reading frames. These theoretical considerations, based in particular on information theory, have shown that the five possible overlapping reading-frame configurations differ significantly in their coding flexibility and thus in their information content. In particular, frame -2 is highly constrained and thus expected to be "very rare in nature" (Smith and Waterman 1980) . However, overlapping genes in the anti-sense reading frame -2 have been discovered. For example, in HIV, the expression of a gene coding for the "Anti Sense Protein" (ASP, internal overlap of the env gene of ~185 codons in frame -2 ; Miller, 1988 , Laverdure et al. 2012 was recently shown in two independent studies (Berger et al., 2015 , Bet et al., 2015 , and ASP is believed to be the 10 th gene of HIV (Torresilla et al. 2015) . Interestingly, out of the 819 pairs of overlapping genes pointed out in viruses by Belshaw et al. (2007) , +1 frameshifts are significantly more frequent than +2 frameshifts, while these two same sense overlaps are comparable regarding information theory predictions (Smith and Waterman, 1980) . Specific evolution models have been developed for modeling the evolution of sequences encoding two overlapping genes (e.g. Hein and Stovlbaek, 1995; Krakauer, 2000; Pedersen and Jensen, 2001 ) and more recently for detecting selection pressure specific to double coding (e.g. Sabath et al., 2008 , 2011 , Pavesi et al., 2013 Simon-Loriere et al., 2013; Firth, 2014; Mir and Schober, 2014, Wei and Zhang, 2015) . However, little has been done to evaluate the interdependent constraints elicited by the overlap on the associated proteins amino acid sequences. Some studies reported that overlapping protein regions are enriched in amino acids with high codon degeneracy (Pavesi et al., 1997) -that is, Arginine (R), Leucine (L) and Serine (S), which are encoded by six differing codons -and that they often respectively encode a cluster of either basic or acidic amino acids (Pavesi, 2000) . More recently, Rancurel et al. (2009) showed a significant bias towards structural disorder, that is, a lack of a rigid 3D structure for protein regions encoded by genes overlapping in the same sense (frame +1 or +2).
In this paper, we study constraints (and their combinatorics) acting on the composition of two overlapping proteins. First, their amino acid composition is subject to specific constraints depending on the overlapping frameshift. For example, a Tyrosine (Y) in reading frame -2 always overlaps with a Tyrosine in the reference frame, and reciprocally. More constraints appear when considering the protein composition in terms of di-peptides. In particular, some constraints reveal "forbidden" di-peptides, that is di-peptides that never occur in one frame (reference or overlap), as it would necessarily induce a Stop codon in the other frame (e.g. YY in frame -2). The biological meaning of these results is discussed, yielding support for understanding the mechanism of overlapping genes and for developing overlapping gene detection methods. After introducing the notations and first results in section 2, we propose a graph traversal algorithm for deriving a set of frameshift specific constraints in terms of amino acid composition in Section 3. Di-peptide constraints are analyzed in Section 4 and generalization to -peptides is given in Section 5.
Notations and first results

Overlapping frame reciprocity
Reciprocity underlies the various overlapping frames and is specific to the direction of the overlap. When considering overlap in the same direction, the second reading frame (+1 or +2) depends on the sequence chosen as the reference (frame +0). If a sequence x' overlaps a reference sequence x with frame +1, then in turn, sequence x overlaps sequence x' with frame +2. For the three types of overlap occurring in the opposite direction (-0, -1 or -2), the overlapping reading frame with respect to the reference frame is the same regardless of the sequence chosen as the reference (e.g., reading sequence x in frame +0 and x' in frame -1 leads to the same overlap as reading x' in frame +0 and x in frame -1). Although very simple to derive from the observation of the five overlapping reading frames ( Fig. 1 ), these reciprocity properties are important, as they generate symmetries among the constraints induced on proteins coded by overlapping genes.
Quadons
The overlap in the opposite strand without shifting (i.e. frame -0) is a particular case where the two overlapping codons fully overlap: sites 1, 2, 3 in the reference frame respectively match sites 3, 2, 1 in the overlap. When considering overlap with shifting (frame +1, +2, -1 or -2, Fig.   1 ), the overlapping codons have only two DNA bases in common. Thus, a suite of four nucleotides is required for a complete description of two overlapping codons. A quadrinucleotide, or "quadon", taken at a chosen position in the sequence describes exactly one codon in each reading frame. Both the starting site of a quadon describing two overlapping codons, and the reading frames of the two overlapping codons inside the quadon, are specific to the type of overlap. To simplify reading, we use an explicit notation (derived from Rogozin et al. 2002) for quadons and the corresponding codons. For example, if we assume the quadon sequence in the reference frame is acat, then we have the following overlapping pairs of quadons in each frame (remember that the reverse complement is defined by the correspondence a↔t and c↔g):
Frame +1
acat/acat Frame +2 acat/acat
Frame -1 acat/atgt Frame -2 acat/atgt where bold and italic letters are used for the reference and the overlap, respectively; both codons are underlined and read from left to right. With frame -0, we use similar notation for both codons (e.g. atg/cat).
Fewer Stop codons in frame -2
From the genetic code (Tab. 1), a Stop codon can be encoded by three codons taa, tag, and tga. Stop codons in the non-overlapping coding regions are much less frequent in frame -2 (2.5% of the codons) than in the other frames (5.5%, 5%, 10.5%, and 7.5% in frames -1, -0, +1, and +2, respectively). An additional factor to explain these striking frequency differences could be that the presence of Stop codons is positively selected in sense frames +1 and +2, to interrupt the replication process quickly in case of an erroneous frameshift (see Cusak et al. (2011) for such results in the human genome).
Amino acid composition
Two proteins encoded by overlapping genes are subject to amino acid composition constraints which result directly from the genetic code. For example, with frame -2, two overlapping proteins are subject to the constraint that amino acids C or W in the reference frame are necessarily overlapped by amino acids H or Q in the overlapping frame -2, and reciprocally.
We denote this constraint as:
where the left, bold part of the constraint corresponds to the reference frame, and the italic part on the right, to the overlapping frame -2. Figure 2 illustrates the derivation of this constraint.
Such amino acid constraints can be interpreted as logical equivalences, where + stands for "or": in double-coding sequences, amino acid C or W in the reference frame overlap with either amino acid H or Q in frame -2, and reciprocally. They can also be read in terms of frequency equalities as the number of occurrences of amino acids C and W in the reference frame equals the number of occurrences of H and Q in the overlapping frame -2. Note that due to reciprocity, the relation ó is symmetric in frame -2 and relation H + Q ó C + W also holds. 
(B) atgc atgt gtgc gtgt ctgc ctgt ttgc ttgt atgg gtgg ctgg ttgg
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Deriving amino acids constraints
Except for the reading frame -0 (opposite overlap without shifting), codon overlap is only partial. This generates codon dependency along the sequence, as each amino acid read in one frame overlaps with two codons in the other frame. This aspect will become prominent when dealing with constraints applying to polypeptides (Sections 4 and 5). In this section, we deal with constraints applying to single amino acids (or mono-peptides).
Graph traversal algorithm
The amino acid constraints are a direct consequence of the genetic code, and they can be efficiently derived from a tri-partite graph, where the three types of nodes are: (i) the set of amino acids read in the reference frame, (ii) the set of the quadons, and (iii) the set of amino acids read in the overlapping frame. Each quadon is linked by an edge to exactly one amino acid in the reference frame and one amino acid in the overlap. In the full tri-partite graph including the 4 4 possible quadons, each connected component thus defines a constraint binding a set of amino acids in the reference frame with a set of amino acids in the overlapping frame.
For example, Figure 2 describes the amino acid constraint C + W ó H + Q to which doublecoding sequences with overlapping frame -2 are subject. The tri-partite graph is frame-specific, as the two amino acids encoded by a given quadon depend on the overlapping reading frame (see the illustration with quadon acat in Section 2). The tri-partite graph specific to frame -0 is similar, but uses codons instead of quadons.
We use a classic depth-first search algorithm to list the set of connected components for each overlapping reading frame {-2, -1, -0, +1, +2}. The search begins at some particular amino acid, finds the entire connected component containing this amino acid, and then returns that component. To find all the connected components of the graph, we loop through the 40 amino acids (in the reference and overlap), starting a new depth-first search whenever the loop reaches an amino acid that has not already been included in a previously-found connected component.
The connected components are thus computed in linear time in terms of the number of the edges in the graph, that is, twice the number of quadons (see for instance Hopcroft and Tarkan (1973) for a complete description of the algorithm). This graph traversal algorithm is easily extended to polypeptides, by replacing quadons (4 nucleotides) by "heptons" (7 nucleotides) for dipeptides and, more generally, by DNA words of length 3 + 1 for -peptides. (An R implementation of this algorithm is available on request.)
Other frameworks may be used to derive these constraints. Using a linear algebraic approach, graph connectivity is described by an adjacency matrix of size 40 (total number of amino acids in both frames, reference and overlap) times the number of quadons (4 4 ). From graph theory, the adjacency matrix has rank 40 -c, where c is the number of connected components of the graph (see for instance (Biggs 1993), p.25). Each connected component corresponds to a set of linearly dependent lines of the adjacency matrix (see Fig. 2 for an illustration with constraint C + W ó H + Q in frame -2). Finding the connected components comes down to finding the null linear combinations of the lines of the adjacency matrix. This approach works nicely for deriving amino acid constraints, but requires more computations than a single graph traversal algorithm, in particular when increasing the length of the overlapping peptides.
Amino acid constraints list
The set of the amino acid constraints is provided in Table 2 . As expected, the overlap with reading frame -2 shows the greatest number (10) of constraints and includes the most specific constraints (i.e., binding the most restricted subsets of amino acids). Six constraints describe a single amino acid overlap: each Alanine (amino acid denoted by the letter A) in the overlapping frame overlaps an Alanine in the reference frame +0 (and reciprocally); similarly, the Tyrosine (Y) amino acids necessarily overlap themselves; while amino acids Glycine (G) the greatest number (10) of constraints and includes the most specific constraints, whereas frame -1 is subject to a unique (trivial) constraint. The 4 major constraints in frame -0 oppose strongly hydrophobic amino acids (blue) in one frame to strongly hydrophilic amino acids (green) in the other frame, that is (Kyte Doolittle (1982) as a potent breaker of both alpha-helical and beta-sheet protein structures, and is among the less frequent amino acids in proteins (12 th most frequent). At the amino acid scale, the number of constraints for the other types of overlap is more limited: same sense overlaps (frame +1 and +2) are subject to two amino acid constraints; with opposite sense overlaps, frame -0 overlaps are subject to five amino acid constraints, whereas frame -1 is only subject to a unique (trivial) constraint. Note that this trivial constraint holds true in all frames given that a double-coding sequence has the same number of amino acids in each frame (reference and overlap). Hence the number of effective constraints within each overlapping frame is better viewed as the number of non-trivial constraints, which is equal to the total number of constraints minus one (e.g. 9 in frame -2).
Most of the (numerous) constraints in frame -2 are easily interpreted. In this frame, the first two letters (almost sufficient on their own to determine an amino acid) of a codon in the reference face the first two letters of the codon in the overlap, then the 2 nd and 3 rd letters of a quadon restrict the possibilities to only one or two amino acids in both the reference and the overlap. For example, the constraint C + W ó H + Q (Fig. 2) The same holds for the other frames. For example, in frame -1, the 2 nd and 3 rd codon positions face each other in both strands, and a larger number of amino acids correspond to any codon with given di-nucleotide in 2 nd and 3 rd positions (e.g. xtt may code for F, L, I or V, depending on nucleotide x); hence, we obtain a unique, global connected component in the graph and thus a unique (trivial) amino acid constraint.
Each of our constraints (Tab. 2) is a logical equivalence resulting from a set of implications. Obviously, each implication may give information that is more specific. For example, in frame -0, we have 5 implications:
which we summarize by the equivalence (Constraint (1) in frame -0):
F + L ó E + K + Q + Stop
Similarly, the larger equivalence constraint of each frame (including the larger set of amino acids) divides into implications that are more specific. However, the other constraints, which we refer to as "non-trivial" constraints, cannot be divided into more specific implications, except in frame -0 (Constraints (1-4) in Tab. 2).
Compared to implications, our equivalence constraints summarize the information in terms of amino acid composition of two overlapping protein regions. This offers the advantage of giving a compact, comprehensive representation of information, which is easily interpretable.
For example, an overlap in frame -0 generates specific biochemical constraints in terms of hydropathy. Indeed, constraints (1-4) in frame -0 oppose strongly hydrophobic amino acids to strongly hydrophilic amino acids (Tab. 2). These four constraints include most of the amino acids with strong hydropathic properties (e.g. L (3.8) and F (2.8) overlap Q (-3.5), E (-3.5) and K (-3.9), where numbers in brackets correspond to Kyte and Doolittle (1982) hydropathy index). As a consequence, the alternation of hydrophilic and hydrophobic amino acid stretches (which form the very basis of protein structures) in two proteins overlapping in frame -0 strongly depend one from the other. For example, assuming a membrane protein being encoded on one strand, that is, a highly hydrophobic protein, we will have a highly hydrophilic protein on the other strand, typically a disordered protein with long, exposed stretches of amino acids.
Di-peptides constraints and dependency between successive codons
Absence of dependency in frame -0
Most di-peptide constraints result from the combination of two amino-acid constraints. This is always the case in frame -0, as the positions of two overlapping codons fully match. As a consequence, the constraints for di-peptides (and -peptides) in frame -0 result directly from the amino-acid (mono-peptide) constraints. Based on the genetic code (Tab. 1), two proteins which overlap in frame -0 are subject to five amino acid constraints (Tab. 2), and thus every dipeptide constraint corresponds to the combination of two amino-acid constraints. For example, the combination of amino-acid Constraints (1) and (3) As the di-peptide in the reference frame (bold letters) and the overlap (italic letters) are read in opposite directions, the combination of the two amino acid constraints is obtained by concatenating the amino acids from the right part and from the left part of the constraints in opposite order ( (1, Left) (3, Left) ó (3, Right) (1, Right) and reciprocally). Moreover, the notation is intuitive. The product denotes letter concatenation and thus the ordering matters. 
Extension of the graph traversal algorithm
In all overlapping reading frames except -0, the constraints cannot be derived straightforwardly from the amino acid constraints due to the dependencies between successive overlapping codons (each codon overlaps 2 codons in the shifted reading frame). Clearly, the constraints resulting from the combination of 2 amino acid constraints still hold, but they may be decomposed into sub-constraints (when corresponding to several connected components in the tri-partite graph for di-peptides). The graph traversal algorithm for deriving the amino acid constraints (Section 3) is easily extended to di-peptide constraints, using 7-nucleotide words ("heptons") instead of quadons. The total number of amino-acid and di-peptide constraints for all frame shifts is given in Table 3 . The additional constraints exist mainly because some dipeptides induce a Stop codon systematically, and thus cannot be observed in the reference and/or in the overlapping frame of such double-coding sequences. However, in frame -2 and only in this frame, other ('non-null') constraints also appear. We discuss these two types of additional constraints in the following paragraphs.
Additional "null" constraints for the di-peptides inducing Stop codons in the overlap
Some di-peptides induce a Stop codon systematically in specific overlapping frames: whichever codon is used for coding each of the two successive amino acids, the overlap is necessarily a Stop codon. Such di-peptides cannot be observed in a double-coding region with this frame shift. For example, the di-peptide YY in the reference frame necessarily generates a Stop codon in the overlap with frame -2. Indeed, whichever codon is used for coding each Y (tat or tac), the overlapping codon in frame -2 is either taa or tag, that is, a Stop codon. Then YY is never observed in a coding sequence with an overlapping gene in frame -2. Due to the reciprocity of frame -2 (Section 2), the absence of YY is also true for the overlapping frame. In total for frame -2, 6 di-peptides are necessarily coding for a Stop codon in the overlapping frame: CY, DY, FY, HY, NY, YY. This results in 12 additional di-peptide "null" constraints, implying the absence of these di-peptides in both strands.
The sets of di-peptides inducing a Stop codon in the overlap sequence for all frames is given in Table 3 , either in the reference frame or in the overlap. The reciprocity of the reference and overlap frames (see Section 2) induces reciprocity of the null constraints. A particularity of frame -0 is that none of the di-peptides is systematically overlapped by a Stop codon: all the dipeptides can be encoded by 2 codons that also encode a di-peptide (without Stop) in frame -0.
Hence, contrary to the overlap with the other reading frames, overlap in frame -0 does not exclude any peptide in the two reading frames. Moreover, no di-peptide in the overlap with frame +1 or in the reference for frame +2 systematically induces a Stop in the other overlapping frame. number of constraints and list of the "forbidden" di-peptides (inducing a Stop codon in the overlapping frame). For each frame, except frame -0 where the codons fully overlap, the number of di-peptide constraints is greater than the square of the number of amino-acid constraints. The bold numbers refer to the number of additional di-peptide constraints that cannot be derived from the amino acid constraints: additional "non-null" constraints for frame -2 only, and additional "null" constraints for all frames except frame -0. The last two columns list the di-peptides that are never observed in the reference or the overlap frame as they induce a Stop codon in the overlapping frame (and thus induce the null constraints).
Frame
Monopeptide
Additional "not null" constraints in frame -2 only
For all overlapping frames except frame -2, the set of di-peptide constraints is given entirely by the ordered combination of all pairs of amino-acid constraints, plus the set of null constraints for "forbidden" di-peptides. However, in frame -2, the codon dependency also generates novel "non-null" di-peptide constraints, which cannot be derived from the amino acid constraints.
Indeed, due to the genetic code and partial overlap of the codons, the ordered combination of two amino acid constraints can generate more than a single di-peptide constraint. For example, the following constraint:
existing in frame -2, cannot be deduced from constraints for amino acid S and Y (Constraints (10) and (2) in Tab. 2) as amino acid S is included in the large constraint (10) involving 8 amino acids in each frame. Actually, the ordered combination of constraints (10) and (2) in frame -2, leads to two di-peptide constraints instead of one:
While the simple ordered combination would produce the single constraint:
(D + E + F + K + L + N + S + R) Y ó Y (D + E + F + K + L + N + S + R).
Clearly, this latter constraint is valid, but it is subdivided into the two preceding constraints, which have been simplified by accounting for null constraints with di-peptides DY, FY, and NY (Tab. 2).
The complete list of the additional "non-null" constraints in frame -2 (which cannot be derived from the amino acid constraints) is given in Appendix B. Six amino-acid constraint combinations ((2)(10), (7)(7), (7)(8), (8)(7), (8)(8), (10)(2)) lead to a di-peptide constraint that divides into two di-peptide constraints; and four combinations ((7)(10), (8)(10), (10)(7), (10)(8)) lead to three di-peptide constraints. This increases the total count of "non-null" constraints by 14. Moreover, one of the 10 2 constraints derived from the amino-acid constraints, YY ó YY, is removed from the constraint set, as it is redundant with the two null constraints excluding di-peptide YY both in the reference and in the overlapping frame (Tab. 3). This results in 10 2 -1 + 14 = 113 non-null di-peptide constraints in frame -2.
This decomposition was expectable for the frames where the codons do not fully overlap (all except frame -0). Indeed, the amino acid constraints are derived from the quadons where only 2 nucleotides (sites 2 and 3 of the quadon) are constrained, whereas the sites at both ends of the quadon (sites 1 and 4) are kept free as the nucleotide in those sites defines only one codon (either in the reference or in the overlap). Di-peptide constraints are derived from the overlap of two codons, that is, "heptons", where 5 nucleotides (sites 2 to 6) are constrained. Constraints that are more specific are then expected for di-peptide overlap, but our results (Tab. 3) show that this expectation occurs only in frame -2. In the other overlapping frames with shifting {-1, +1, +2}, the di-peptide "non-null" constraints simply correspond to the ordered combinations of 2 amino acid constraints.
What about higher length peptides?
Counting the -peptide null constraints
For all frameshifts except -0, which has no null constraint, the peptides inducing a Stop codon in the overlapping coding sequence are simply those containing one "forbidden" di-peptide (Tab. 3), each one leading to a null constraint. Hence, the number of null constraints for peptides of length is computed recursively for each frame based on the list of forbidden di-peptides.
From the recursive formula, we easily derive a closed formula to count the null constraints associated with that frame.
Again, we will detail these calculations with frame -2, but the approach is similar for the other frames (detailed in Appendix B). Let us denote by & the set of "allowed" peptides of length , that is, those not containing any forbidden di-peptide in the reference frame. Note that, due to reciprocity, this set of allowed -peptides is the same in the overlap frame. A consequence of these results is that the fraction of allowed -peptides converges to 0 when grows to infinity. This result holds for frames -2, -1, and in the reference (resp. overlap) for frame +1 (resp. frame +2). This finding is interpreted easily: the longer the sequence, the more likely it will contain a forbidden di-peptide. Moreover, the probability of finding an allowed/forbidden -peptide for a given frame is easily computed using our formulae. providing a significant support that the window does correspond to an overlapping region in frame -2. This fast method applies to a unique sequence, contrary to Firth (2014) which needs a multiple alignement and a phylogeny, and is surely more sensitive and accurate. However, our approach could be used as a first step, for exemple to scan quickly the very large existing protein data bases (e.g. UNIPROT reference). Note that another option is to search for the genes and check for the absence of stops at the DNA level.
Counting the -peptide non-null constraints
Due to the codon independency in frame -0 (Section 4), the non-null, -peptide constraints are easily derived in this frame, and their number equals 5 & . Our graph traversal algorithm (Section 3 and 4) allows the computation of the non-null -peptide constraints for all other frames, until = 5. As expected (see Tab. 4), the number of such constraints equals 2 Z in frame +1 and +2, and is larger than 10 Z in frame -2. We neither reached a formal proof of these results for frame +1/+2, nor found an exact formula for frame -2. All of our results are displayed in Table 4 .
Conclusion and perspectives
A formal framework and a graph algorithm allowed us to introduce and characterize simple constraints that bind the polypeptide composition of two proteins encoded by overlapping genes. Each constraint is a logical equivalence resulting from a set of implications. Even though implications may give more specific information, the equivalence constraints offer the advantage of yielding compact and comprehensive information, which can be interpreted directly in terms of amino acid and polypeptide composition constraints imposed on two overlapping proteins. For example, in frame -0, four out of the five constraints correspond to specific biochemical constraints in terms of hydropathy (Section 3).
In agreement with previous results derived from information theory, frame -2 (antisense overlap when the first two sites of the codons in the two reading frames overlap) is the most constrained among the five possibly reading frames. However, considering polypeptides and not single amino acids, that is, taking into account the dependency between successive codons, highlights a second type of constraint: null constraints, stating that a polypeptide cannot be observed in a given reading frame as it would induce a Stop codon in the overlap. Except in frame -0 which is not subject to dependency, these null constraints are induced in all reading frame by a specific subset of di-peptides (6 di-peptides in frame -2; 5 di-peptides in frames -1, +1, and +2). We give a closed formula for the number of the null constraints for peptides of length in each frame. From that point on, the various frames can be studied in the light of these two types of constraints. First, frame -2 (the most constrained) is comparable to frame -1 in terms of null constraints, which determine whether overlap is possible. Second, the two possible overlaps in the same sense (frame +1 or +2) are subject to null constraints in only one of the two reading frames. In addition, as discussed in Section 5, this may form the basis of a fast scanning method to select possible overlapping regions within protein sequences available in the large existing data bases. Non-null polypeptide constraints are derived simply using ordered combinations of amino acid constraints, except for frame -2, where novel constraints appear when increasing the length of the overlapping peptides due to codon dependency.
The analytical computation of the exact number of non-null constraints in frame -2 is left open, and is an interesting direction for further research, to fully understand the combinatorics of double-coding in this reading frame. Another objective is to search systematically for overlapping genes in all domains of life, using some of the concepts and tools presented here and their possible evolutions, such as non-uniform distribution of amino acids, or using several homologous sequences instead of a single one.
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Frame
--1 20 --5 19,747 0,253 1,013 --0,013 +1 (reference) +2 (overlap) 19 15 19,759 --0,759 1,012 --0,012 -1, +1, and +2. (The values of 5 , ? , 5 and ? , are approximated.)
